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Abstract
We characterize the given extent in finite powers of X in terms of the topology of Cp(X). It is
shown that many properties of Cp(X) are determined by dense subsets of Cp(X). We introduce the
density tightness and establish that for compact spaces of π-weight ω1 countable density tightness
implies countable π-character.  2002 Elsevier Science B.V. All rights reserved.
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0. Introduction
One of the most important tasks of Cp-theory is to find topological properties which
are dual with respect to the Cp-functor. This means, in particular, expressing classical
properties of X in terms of the topology of Cp(X) and vice versa. If a property P
of a space X has its dual in Cp(X) then P is t-invariant, i.e., any space Y has P as
soon as X has P and Cp(X) is homeomorphic to Cp(Y ). However, there are indirect
proofs of t-invariance of many properties of X. Among them are hereditary Lindelöf
number, hereditary separability, and countable extent of finite powers [5,6]. Until now,
no reasonable duals for the mentioned properties have been found. In this paper we
characterize the given extent in finite powers of X in terms of the topology of Cp(X). The
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respective dual property is similar to the tightness, which makes it possible to find duals
for a family of compactness-like properties in finite powers of X. It is worth mentioning
that there is no dual for the extent in the space itself, because it is not preserved by t-
equivalence [4].
We also study the case when a given property of a dense subspace of Cp(X) implies
that the whole Cp(X) has this property or its derivative. It turns out, for example, that if
all dense subspaces of Cp(X) are separable, then Cp(X) has countable tightness. We also
prove that the same is true if any dense subspace of Cp(X) is ω-dense in Cp(X). If any
dense subspace of Cp(X) is sequentially dense, then Cp(X) is a Fréchet–Urysohn space.
We investigate when every dense subspace D of a given space X is ω-dense, i.e., each
x ∈X is in the closure of a countable subset of D. We call this property countable density
tightness, or dt(X) = ω. It is easy to see that dt(X) = ω is weaker than the countability
of tightness and the countability of π -character of X and needs to coincide with neither
of these properties. However, we prove that, in compact spaces of weight ω1, countable
density tightness implies countable π -character. Since countable tightness implies either
countable π -character or countable density tightness in compact spaces, we obtain a
generalization of the famous Shapirovsky theorem: “πχ(X)  t (X) for compact spaces
X” [7]. Unfortunately, this generalization is obtained only for compact spaces X with
πw(X)  ω1. We suspect that πχ(X) = dt (X) is true for any compact space X, but we
were not able to prove it yet.
1. Notation and terminology
All our spaces are assumed to be Tychonoff. If ϕ is a cardinal invariant, then
ϕ∗(X) = sup{ϕ(Xn): n ∈ N}. Given a space X, we denote by τ (X) its topology and
τ ∗(X)= τ (X)\{∅}. If X is a space, then Cp(X) is the space of all real-valued continuous
functions on X endowed with the topology of pointwise convergence. The base of this
topology consists of the sets [x1, . . . , xn;O1, . . . ,On] = {f ∈ Cp(X): f (xi) ∈ Oi for all
i = 1, . . . , n}, where x1, . . . , xn ∈X and O1, . . . ,On are open subsets of R. While working
with spaces Cp(X) we mostly use the terminology of [1].
A π -base in X is a family B ⊂ τ ∗(X) such that for any U ∈ τ ∗(X) there is a V ∈ B with
V ⊂U . Given a point x ∈X, a family B of nonempty subsets of X is called a π -network at
x if for every open U  x there is a V ∈ B with V ⊂U . A π -network at x whose elements
are open, is called a π -base at the point x . Now, πw(X)=min{|B|: B is a π -base of X}.
The cardinal function πw is called the π -weight. For an x ∈X let πχ(x,X)=min{|B|: B
is a π -base at x}. The cardinal function πχ(x,X) is called π -character of X at x . The π -
character πχ(X) of the space X is the supremum of πχ(x,X) when x runs over X. If
A ⊂ X let [A]κ =⋃{B: B ⊂ A and |B|  κ}. Define t (X) = min{κ : A = [A]κ for any
A⊂X}. The cardinal t (X) is called the tightness of the space X. The extent ext(X) of the
space X is defined as follows: ext(X) = sup{|A|: A is a closed discrete subspace of X}.
We say that a regular cardinal κ is a caliber of a space X if for any family γ ⊂ τ ∗(X) of
cardinality κ there exists a point x ∈X which belongs to κ many elements of γ .
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The symbol R stands for the real line with its natural topology, and by I we denote the
subspace [0,1] ⊂R. The set of natural numbers is denoted by ω, and N= ω\{0}.
All other notions are standard and can be found in [2].
2. Dense subspaces of Cp(X) and the properties they bring to Cp(X)
We introduce the d-tightness of a space which is less than or equal to the tightness and
the π -character. We show that, for general spaces, d-tightness need not coincide with any
of these. However, in Cp(X) the d-tightness is equal to the tightness and in compact spaces
of weight ω1 it equals the π -character.
Recall that a subset Y of a space X is called κ-dense if [Y ]κ = X where [Y ]κ =⋃{B: B ⊂ Y and |B| κ}. We call the set [Y ]κ the κ-closure of Y in X.
Definition 2.1. Given a space X, let dt(X)= min{κ : every dense subset of X is κ-dense
in X}. We will call the cardinal invariant dt(X) the density tightness or d-tightness of the
space X.
Proposition 2.2. For an arbitrary space X we have dt(X) t (X) and dt(X) πχ(X).
Example 2.3. There exists a space X such that the d-tightness of X is countable while
t (X)= πχ(X)= c.
Proof. Let X = βω ⊕Σ , where Σ = {x ∈ Ic: |{α < c: x(α) = 0}|  ω}. It is clear that
t (X)= πχ(X)= c. Now, if Y is dense in X then Y ∩ βω ⊃ ω so every point of βω is in
the ω-closure of Y . On the other hand, Y ∩Σ is dense in Σ and therefore Σ ⊂ [Y ]ω due
to the fact that t (Σ)= ω. ✷
Proposition 2.4. Let X and Y be arbitrary spaces. If there exists a surjective continuous
map f :X→ Y such that the inverse images of dense subspaces of Y are dense in X, then
dt(Y ) dt(X).
Proposition 2.5. For any space X and any infinite cardinal κ , all dense subspaces of X
have density  κ if and only if d(X) κ and dt(X) κ .
Corollary 2.6. Open maps, as well as closed irreducible ones do not raise the density
tightness.
Call a subset A of a spaceX sequentially dense in X if for each x ∈X there is a sequence
s = {an: n ∈ ω} ⊂ A which converges to x .
Example 2.7. Take the space Y = (ω1 + 1)⊕ (ω + 1). Identify the point ω1 in the first
summand and ω in the second. Denote the resulting quotient space by X and the relevant
quotient map by π . It is easy to see that dt(X)= πχ(X)= ω and every dense subspace of
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X is sequentially dense in X. However, the space X is not even countably tight. Another
important fact about X is that there exists a perfect map of X onto ω1 + 1. Indeed,
identify the points of the set π(ω + 1), where (ω + 1) is the second summand of Y . It
is straightforward that the quotient map, determined by this identification, is perfect and
maps X onto ω1 + 1. Since dt(ω1 + 1)= ω1, we can conclude that perfect maps can raise
the d-tightness.
Recall that a family U of subsets of a set X is called an ω-cover of X, if for any finite
F ⊂X there is an element U ∈ U such that F ⊂U . If X is a topological space, an ω-cover
U of the set X is called open, if U ⊂ τ (X). A subfamily U ′ of U is called an ω-subcover if
U ′ is an ω-cover of X.
Theorem 2.8. For any space X we have dt(Cp(X))= t (Cp(X)).
Proof. Let dt(Cp(X)) = κ . We only have to establish that t (Cp(X))  κ . It was proved
in [3] that t (Cp(X))  κ if and only if any open ω-cover of X has an ω-subcover
of cardinality  κ . So let U be an open ω-cover of X. Consider the set A = {f ∈
Cp(X): f
−1(R\{0}) ⊂ U for some U ∈ U}. It is immediate that A is dense in Cp(X)
and therefore there exists a B ⊂ A with |B|  κ such that f1 ∈ B , where f1 ≡ 1. For
each f ∈ B fix a Uf ∈ U for which f−1(R\{0})⊂ Uf . The family U ′ = {Uf : f ∈ B} is
contained in U and has cardinality  κ . To see that U ′ is an ω-cover of X pick any finite
F ⊂ X. The set W = {f ∈ Cp(X): f (x) > 0 for all x ∈ F } is an open neighborhood of
f1, so there is a g ∈ B such that g ∈W . As a consequence, g(x) > 0 for all x ∈ F and
F ⊂ g−1(R\{0})⊂Ug . ✷
Corollary 2.9. For any space X all dense subsets of Cp(X) have density  κ if and only
if d(Cp(X)) κ and t (Cp(X)) κ .
Theorem 2.10. Let X be a compact space. If πw(X) dt(X)+ then πχ(X)= dt(X).
Proof. Let dt(X) = κ . Since πχ(X)  κ , it is evident that we only have to prove that
the case of dt(X) = κ and πχ(X) = κ+ is impossible. Consider the set A = {x ∈
X: πχ(x,X)  κ}. It is a trivial exercise to prove that the set A is κ-closed, i.e., B ⊂ A
if B ⊂ A and |B|  κ . Thus, if A is dense in X then A = X and there is nothing
to prove. Therefore we can assume without loss of generality that G = X\A = ∅. Let
B = {Uα: α < κ+} be a π -base in G such that Uα ⊂ G for each α < κ+ (the closure is
taken in X). Take an arbitrary z ∈G. We are going to construct families {Fβα : β  α < κ+}
and {Wα : α < κ+} with the following properties:
(i) Fβα is a nonempty closed Gκ -subset of X for any β  α < κ+;
(ii) if α < γ then Fβγ ⊂ Fβα for any β  α;
(iii) Fβα ⊂Uβ for any β  α < κ+;
(iv) Wα is an open σ -compact neighborhood of z for all α < κ+;
(v) Fβα ∩Wα = ∅ as soon as β  α < κ+.
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For each α < κ+ fix a closed nonempty Gδ-set Pα such that Pα ⊂ Uα\{z}. Let W0 be an
open σ -compact neighborhood of z such that P0 ∩W0 = ∅. Put F 00 = P0. Suppose that for
some ν < κ+ we have constructed the sets Fβα and Wα for all β  α < ν so that (i)–(v) are
fulfilled. For each β < ν let Hβν =⋂{Fβα : β  α < ν}. It is a standard checking to see that
the family Hν = {Hβν : β < ν} is not a π -net at z, i.e., there is an open σ -compact Wν  z
such that F\Wν = ∅ for every F ∈Hν and Wν ∩Pν = ∅. Let Fβν =Hβν \Wν for each β < ν
and Fνν = Pν . It is immediate that the properties (i)–(v) hold for β  α  ν and therefore
our inductive construction goes through.
For each β < κ+ the family {Fβα : β  α < κ+} is decreasing and consists of nonempty
closed subsets of X. By the compactness of X there exists an xβ ∈⋂{Fβα : β  α < κ+}.
We claim that the set Y = {xβ : β < κ+}∪A is dense in X and the κ-closure of Y does not
contain the point z, a contradiction with dt(X)= κ .
To prove the density of Y it is sufficient to show that Y ∩G = {xβ : β < κ+} is dense
in G. To do this, observe that for any α < κ+ we have xα ∈ Fαα = Pα ⊂ Uα . Since
{xβ : β < κ} ∩Uα = ∅ for any α < κ+, the set Y ∩G is dense in G.
Now suppose that D is a subset of Y with |D|  κ . Since z /∈ A, we may assume
without loss of generality that D ⊂ G. It is clear that there exists an α < κ+ for which
D ⊂ {xβ : β < α}. Note that xβ ∈ Fβα ⊂ X\Wα for each β < α by (v). Hence D ⊂
{xβ : β < α} ⊂X\Wα , which shows that z /∈D. ✷
Corollary 2.11. If X is a compact space with πw(X) ω1, then πχ(X)= dt (X).
We saw that all dense subspaces of the space X constructed in Example 2.7, are
sequentially dense in X while t (X) = ω1. Let us prove that the spaces Cp(X) behave
much better in the same situation.
Theorem 2.12. Suppose that each dense subspace of Cp(X) is sequentially dense in
Cp(X). Then Cp(X) is a Fréchet–Urysohn space. Of course, the converse is also true.
Proof. It was proved in [3] that Cp(X) is a Fréchet–Urysohn space if and only if X has
the following property (γ ): for any open ω-cover U of the space X, there is a sequence
{Un: n ∈ ω} ⊂ U such that Un→X, i.e.,
X =
⋃{⋂
{Ui : i  n}: n ∈ ω
}
.
To establish that X has (γ ), consider the set A= {f ∈ Cp(X): f−1(R\{0})⊂U for some
U ∈ U}. It is immediate that the set A is dense in Cp(X) and therefore there exists a
sequence {gn: n ∈ ω} ⊂ A which converges to f1 ≡ 1. For each n ∈ ω choose a Un ∈ U
such that g−1n (R\{0}) ⊂ Un. Then {Un: n ∈ ω} ⊂ U and for any x ∈ X there exists an
m ∈ ω such that gn(x) > 0 for all nm. This shows that for an arbitrary point x ∈X we
proved that x ∈⋃{⋂{Ui : i  n}: n ∈ ω} and hence Un→X. ✷
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3. Families of open subsets of Cp(X) versus compactness-like properties of finite
powers of X
We have already seen that the separability of all dense subspaces of X is weaker than the
countability of the tightness together with the separability of X. It is also weaker than the
countability of the π -character plus separability of X. In Section 2 we saw that dt(X) ω
implies the separability of all dense subspaces of X in a separable X and is a consequence
of the countability of the π -character as well as the countability of the tightness of X.
The next logical step is to find “the difference” between the hereditary dense caliber ω1
(i.e., the property “every dense subspace has caliber ω1”) and the caliber ω1. Our efforts
in that direction have not produced a complete answer yet, but, as it often happens, the
methods we developed, turned out to give new duality results in Cp-theory. In particular,
we characterize the given extent in finite powers of X in terms of the topology of Cp(X).
Definition 3.1. Given a space X and an infinite cardinal µ, we say that a point z ∈X is a
µ-accumulation point for an indexed set {xα: α ∈A} in X if for every neighborhood U of
z, the set {α ∈A: xα ∈ U} has cardinality  µ. We say that a space X is (κ,µ)-compact if
every indexed set {xα: α ∈A} ⊂X, with |A| = κ , has a µ-accumulation point in X.
Thus, a space X is (ω,ω)-compact if and only if it is countably compact, and for every
infinite κ , the (κ+,ω)-compactness of X is equivalent to the inequality ext(X) κ . Note
that if κ is a regular cardinal, then X is (κ,µ)-compact if and only if every set A in X of
cardinality κ has a µ-accumulation point in X (that is, a point z such that |U ∩A| µ for
every neighborhood U of z).
A standard argument shows that for any cardinal κ , the (κ,µ)-compactness is preserved
by continuous images, closed subspaces and perfect preimages.
Let U = {Uα: α ∈ A} be a family of open sets in X. For every x ∈X and a cardinal µ
we define Ord(U, x)= |{α ∈A: x ∈ Uα}| and OG(U,µ)= {x ∈X: Ord(U, x)µ}.
Definition 3.2. We say that a space X is (κ,µ)-narrow if for every family U of open sets in
X the set OG(U,µ) is a neighborhood of OG(U, κ) (that is, OG(U, κ)⊂ Int(OG(U,µ))).
In particular, a space X is (κ, κ)-narrow if and only if for every family U of open sets in
X, the set of points at which U has order κ , is open.
It is clear that OG(U,µ) ⊂ OG(U, λ) in case λ  µ. The following statement is an
immediate consequence of this fact.
Proposition 3.3. Suppose that λ,µ,κ are cardinals such that λ µ κ .
(i) If a space X is (κ,µ)-narrow, then it is (κ,λ)-narrow.
(ii) If X is (µ,λ)-narrow, then it is (κ,λ)-narrow.
Corollary 3.4. If µ κ and X is (κ, κ)-narrow, then X is (κ,µ)-narrow.
Proposition 3.5. If X is (κ,µ)-narrow, then so is every subspace of X.
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Proof. Suppose that Y is a subspace of X, and let V = {Vα: α ∈ A} be a family of open
sets in Y . Take a family U = {Uα : α ∈ A} of open subsets of X such that Uα ∩ Y = Vα
for each α ∈ A. Note that OG(V, κ) = Y ∩ OG(U, κ) and OG(V,µ) = Y ∩ OG(U,µ).
Since by the assumption, OG(U,µ) is a neighborhood of OG(U, κ) in X, it follows that
OG(V,µ) is a neighborhood of OG(V, κ) in Y . ✷
Recall that a continuous onto map f :X→ Y is called pseudo-open if for any y ∈ Y and
any U ∈ τ (X) such that f−1(y)⊂ U we have y ∈ Int(f (U)). It is well-known [2], that if
a map is closed or open then it is pseudo-open.
Proposition 3.6. Let X be a (κ,µ)-narrow space. Suppose that f :X→ Y is a continuous
onto map. If f is pseudo-open then Y is a (κ,µ)-narrow space. In particular, closed maps,
as well as open ones preserve the (κ,µ)-narrowness.
Proposition 3.7. If t (X)  µ, and κ is a cardinal such that cf(κ) > µ, then X is (κ, κ)-
narrow.
Remark 3.8. The condition cf(κ) > µ in Proposition 3.7 cannot be omitted.
Proof. Indeed, let κ be an infinite cardinal such that cf(κ)= µ< κ . LetA= µ (considered
as the set of all ordinals less than µ), T = A ∪ {p} where p /∈ A, and M = κ ; put
X = T × {0} ∪M × {1} and define a topology on X as follows: a set U ⊂ X is open if
and only if (p,0) /∈ U or |A×{0} \U |<µ. It is easy to see that the tightness of X is equal
to µ. Let κ =⋃{Bα : α < µ} where the family {Bα : α < µ} is disjoint and |Bα|< κ for
every α ∈ µ. For each α ∈µ and β ∈ κ put
Uαβ =
{
(p,0)
}∪ {(γ,0): α < γ < µ}∪ {(β,1)}
and
U = {Uαβ : α ∈µ, β ∈ Bα}.
Then U is a family of open sets in X, and the set OG(U, κ)= {p} is not open.
Proposition 3.9. A space X is (ω,ω)-narrow if and only if X is a P -space.
Proposition 3.10. Let B be a base for a space X. Then X is (κ,µ)-narrow if and only if
for every family V such that V ⊂ B, the set OG(V,µ) is a neighborhood of OG(V, κ).
Theorem 3.11. Let X be a space, and κ , µ cardinals such thatµ κ and cf(κ) > ω. Then
the following conditions are equivalent:
(i) Every finite power of X is (κ,µ)-compact.
(ii) The space Cp(X) is (κ,µ)-narrow.
Proof. (i)⇒ (ii). Assume that every finite power of X is (κ,µ)-compact, and let U =
{Uα: α ∈ A} be a family of open sets in Cp(X). Let f0 be a point of Cp(X) such that
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Ord(U, f0) κ ; we need to prove that f0 ∈ Int(OG(U,µ)). Since Cp(X) is homogeneous,
we may assume without loss of generality that f0(x)= 0 for every x ∈X.
By our assumption, the set B = {α: f0 ∈Uα} has cardinality κ . For every α ∈ B we can
choose a natural number nα and a point xα = (x1α, . . . , xnαα ) ∈Xnα so that
Vα =
{
g ∈Cp(X):
∣∣g(x1α
)∣∣< 1/nα, . . . ,
∣∣g(xnαα
)∣∣< 1/nα
}⊂Uα.
Since cf(κ) > ω, we may assume without loss of generality that nα = n for all α ∈ B .
Thus, we have an indexed set {xα: α ∈B} of points in Xn such that for every α ∈B ,
Vα =
{
g ∈Cp(X):
∣∣g(x1α
)∣∣< 1/n, . . . , ∣∣g(xnα
)∣∣< 1/n}⊂Uα.
By the assumption (i), the space Xn is (κ,µ)-compact, so there is a point z =
(z1, . . . , zn) ∈ Xn such that for every neighborhood W of z, the set {α ∈ B: xα ∈ W }
has the cardinality  µ. Put
V = {g ∈ Cp(X):
∣∣g(z1)
∣∣< 1/n, . . . , ∣∣g(zn)
∣∣< 1/n}.
The set V is open in Cp(X), and f0 ∈ V . We claim that V ⊂OG(U,µ).
Indeed, suppose g ∈ V . Let
W = {(x1, . . . , xn) ∈Xn:
∣∣g(x1)
∣∣< 1/n, . . . , ∣∣g(xn)
∣∣< 1/n}.
Then W is a neighborhood of z in Xn, so {α ∈ B: xα ∈ W } has the cardinality  µ.
Now, if xα ∈W , then |g(x1α)|< 1/n, . . . , |g(xnα)|< 1/n, which means that g ∈ Vα and,
consequently, g ∈Uα . Thus, g belongs to at least µ elements of U , and g ∈OG(U,µ). We
have found a neighborhood V of f0 contained in OG(U,µ) so the proof is complete.
(ii)⇒ (i) Assume for contradiction that there is a natural number n and an indexed set
P = {xα = (x1α, . . . , xnα): α ∈ A} ⊂ Xn such that |A| = κ and P has no µ-accumulation
point in Xn.
For every α ∈A let
Uα =
{
f ∈ Cp(X):
∣∣f (x1α
)∣∣< 1, . . . , ∣∣f (xnα
)∣∣< 1}
and U = {Uα: α ∈A}. Then U is a family of open sets in Cp(X).
Obviously, f0 ∈ OG(U, κ), where f0(x)= 0 for all x ∈X. By (ii), some neighborhood
of f0 is contained in OG(U,µ), so there are distinct points {z1, . . . , zk} ⊂X and an ε > 0
such that the set
W = {g ∈ Cp(X):
∣∣g(z1)
∣∣< ε, . . . , ∣∣g(zk)
∣∣< ε}
is contained in OG(U,µ).
Let M = {z1, . . . , zk}n. Since M is finite, and the indexed set {xα: α ∈ A} has no µ-
accumulation points in Xn, there are neighborhoods V1, . . . , Vk of the points z1, . . . , zk
such that for any i1, . . . , in  k, the set
{α ∈A: xα ∈ Vi1 × · · · × Vin}
has cardinality less than µ. This implies that the cardinality of the set
{
α ∈A: {x1α, . . . , xnα
}⊂ V1 ∪ · · · ∪ Vk
}
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is less than µ.
Let g :X→R be a continuous function such that g(zi)= 0, i = 1, . . . , k, and g(x)= 1
for all x ∈X \⋃ki=1 Vi . Then g ∈W , but g /∈OG(U,µ). ✷
Corollary 3.12. For any space X we have ext∗(X)  κ if and only if Cp(X) is (κ+,ω)-
narrow.
Remark 3.13. The class of (κ,µ)-narrow spaces is interesting in its own right, because
it gives a characterization of a given extent in finite powers of X in terms of the topology
of Cp(X). However, this class appears (and was synthesized by the authors) as a logical
extension of the density properties considered in Section 2. Indeed, consider the following
property P of a space X: “every dense subspace of X has caliber ω1”. A moment’s
reflection shows that P is equivalent to the following statement: “for every uncountable
U ⊂ τ ∗(X) the set of all points of uncountable order has a nonempty interior”. Thus, if ω1
is a caliber of X and X is (ω1,ω1)-narrow, then every dense Y ⊂X has caliber ω1.
4. Unsolved problems
The most intriguing one is whether it is possible to strengthen Shapirovsky’s theorem:
πχ(X)  t (X) for compact X, replacing the tightness by density tightness. A positive
answer would also mean a new property equivalent to a given π -character.
Problem 4.1. Let X be a compact space. Is it true that πχ(X) = dt(X)? Is it true, in
particular, that if every dense subspace of X is ω-dense, then the π -character of X is
countable?
Problem 4.2. Let X be a compact space. Suppose that for every dense Y ⊂X the cardinal
ω1 is a caliber for Y . Is it true that dt(X)= ω?
Problem 4.3. Suppose that every dense subspace A of Cp(X) is compact-dense in Cp(X)
in the sense that for each f ∈Cp(X) there is a compact K ⊂ Cp(X) such that f ∈K ∩A.
Must Cp(X) be Fréchet?
Problem 4.4. Suppose that ω1 is a caliber for every dense subspace of Cp(X). Is it true
that Cp(X) is (ω1,ω1)-narrow?
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